We present a thorough analysis for the quasinormal (QN) behavior, associated with the decay of scalar, electromagnetic and gravitational perturbations, of Schwarzschild− anti-de Sitter black holes. As it is known the anti-de Sitter (AdS) QN spectrum crucially depends on the relative size of the black hole to the AdS radius. There are three different types of behavior depending on whether the black hole is large, intermediate, or small. The results of previous works, concerning lower overtones for large black holes, are completed here by obtaining higher overtones for all the three black hole regimes. There are two major conclusions that one can draw from this work: First, asymptotically for high overtones, all the modes are evenly spaced, and this holds for all three types of regime, large, intermediate and small black holes, independently of l, where l is the quantum number characterizing the angular distribution; Second, the spacing between modes is apparently universal, in that it does not depend on the field, i.e., scalar, electromagnetic and gravitational QN modes all have the same spacing for high overtones. We are also able to prove why scalar and gravitational perturbations are isospectral, asymptotically for high overtones, by introducing appropriate superpartner potentials.
Introduction
Any physical system has its modes of vibrations. For non-dissipative systems these modes, forming a complete set, are called normal. Each mode having a given real frequency of oscillation and being independent of any other. The system once disturbed continues to vibrate in one or several of the normal modes. On the other hand, a black hole, as any other gravitational system, is a dissipative system since it emits gravitational radiation. One has to consider, instead, quasinormal modes (QNMs) for which the frequencies are no longer purely real, showing that the system is loosing energy. QNMs are in general not complete and though insufficient to fully describe the dynamics, contain a great amount of information. For instance, they dominate the signal during the intermediate stages of the perturbation. Indeed, calculations ranging from the formation of a black hole in gravitational collapse to the collision of two black holes provide clear evidence that no matter how one perturbs a black hole, its response will be dominated by the QNMs. Through the QNMs, one can also probe the black hole mass, electric charge and angular momentum by inspection of their characteristic waveform, as well as test the stability of the event horizon against small perturbations. Moreover, the interest in QNMs has now broaden, they might be related to fundamental physics. In the context of black holes in asymptotically flat spacetimes the importance of QNMs has long ago been recognized. Due to a crescent increase of interest for black holes in asymptotically de Sitter (dS) and asymptotically anti-de Sitter (AdS) spacetimes the study of QNMs has now spread into these.
In asymptotically flat spacetimes the idea of QNMs started with the work of Regge and Wheeler [1] where the stability of a black hole was tested, and were actually first numerically computed by Chandrasekhar and Detweiler several years later [2] . It continues to be a very active field due to the eminent possibility of detecting gravitational waves from astrophysical sources. There are two standard reviews in the field [3] . QNMs in asymptotically flat spacetimes have recently acquired a further importance since it has been proposed that the Barbero-Immirzi parameter, a factor introduced by hand in order that Loop Quantum Gravity reproduces correctly the black hole entropy, is equal to the real part of the quasinormal (QN) frequencies with a large imaginary part [4] (see [5] for a short review). For further developments in calculating QN frequencies in Kerr spacetimes and in asymptotically flat black holes spacetimes in d-dimensions see [6] . Some other recent calculations of QN frequencies in asymptotically flat black hole spacetimes can be found in [7] .
In asymptotically dS spacetimes the calculation of QN frequencies was first done by Moss and collaborators [8] in which the stability of the Cauchy horizon of a charge black hole was analyzed. In [9] an analytical method was devised to study the case in which the black hole and the cosmological horizons are very close to each other. This analytical method has recently been extended to higher dimensional Schwarzschild dS black holes [10] and also to higher order in the difference between the cosmological and horizon radius [11] . A different analytical approach has also been developed in [12] .
In asymptotically AdS spacetimes, which is the background spacetime for our paper, there has been a great amount of work because the AdS/CFT correspondence conjecture [13] makes the investigation of QNMs important. According to it, the black hole corresponds to a thermal state in the conformal field theory (CFT), and the decay of the test field in the black hole spacetime, corresponds to the decay of the perturbed state in the CFT. The dynamical timescale for the return to thermal equilibrium can be done in AdS spacetime, and then translated onto the CFT, using the AdS/CFT correspondence. Many authors have now delved into these calculations in several different black hole settings in several different dimensions (see [14] for a sample). In this paper we are interested in the 4-dimensional Schwarzschild-AdS spacetime. The lowest lying modes (i.e., the less damped ones parametrized by the overtone number n = 0) for this spacetime were found by Horowitz and Hubeny [15] , and completed by Konoplya [16] for the scalar case, and by Cardoso and Lemos [17] for the electromagnetic and gravitational case. Recently, Berti and Kokkotas [18] have confirmed all these results and extended them to Reissner-Nordström-AdS black holes. Here, we shall take a step further in carrying on this program by computing numerically, through an extensive search, the high overtone QN frequencies for scalar, electromagnetic and gravitational perturbations in the Schwarzschild-AdS black hole. We shall do an extensive search for the high overtone QN frequencies, (n ≥ 1). We find that the modes are evenly spaced for frequencies with a large imaginary part. Moreover the scalar, electromagnetic and gravitational perturbations all possess, asymptotically for high overtones n, QN frequencies with the same spacing, and this spacing is l-independent. While we can numerically prove this with great accuracy for large black holes, it remains just a conjecture for small andintermediate black holes. We shall also see that the QN frequencies of the toroidal black hole with non-trivial topology [19] are identical to the QN frequencies of a large Schwarzschild-AdS black hole [20] .
Equations and Numerical Method
We shall deal with the free evolution of massless classical fields in the background of a Schwarzschild-AdS spacetime with metric given by
where, f (r) =
, R is the AdS radius, and M the black hole mass (Newton's constant G N and the velocity of light are set to one). The evolution of scalar, electromagnetic, and gravitational fields can be followed through the Klein-Gordon, Maxwell and Einstein equations, respectively. If one assumes that the fields are a small perturbation in the background given by equation (1) then all the covariant derivatives can be taken with respect to the metric (1). It is then possible to show that the evolution equations are all of the same type, i.e., a second order radial differential equation (for more details we refer the reader to [15] for the scalar case and to [17] for the electromagnetic and gravitational case). The wave equation is
where the tortoise coordinate r * is defined as
and the potential V appearing in (2) depends on the specific field under consideration. Explicitly, for scalar perturbations,
while for electromagnetic perturbations,
The gravitational perturbations decompose into two sets [17] , the odd and the even parity one. For odd perturbations the potential V (r) in (2) is
while for even perturbations, we have
where c = 
. In all cases, we denote by l the angular quantum number, that gives the multipolarity of the field. We can of course rescale r, r → r R . If we do this, the wave equation takes again the form (2) with rescaled constants i.e., r + → r + R , ω → ωR, where r + is the horizon radius. So, we can take R = 1 and measure everything in terms of R, the AdS radius. Eq. (2) should be solved under appropriate boundary conditions, i.e., incoming waves near the horizon,
and no waves at infinity, Ψ = 0 , r → ∞ .
We note that there are other reasonable boundary conditions at infinity, in particular for the gravitational perturbations. For instance, one can define Robin boundary conditions in such a way as to preserve certain dualities between the odd and the even gravitational perturbations. However, it was verified numerically by Moss and Norman [8] that Dirichlet or Robin boundary conditions yield approximately the same result, so we shall keep Ψ = 0 , r → ∞. Moreover, Cardoso and Lemos [17] proved that for high overtone QN frequencies the duality is preserved, so in this regime the distinction is irrelevant. Thus, to compute the QN frequencies ω such that the boundary conditions (8) and (9) are preserved, we follow the Horowitz-Hubeny approach [15] . Within this approach we need to expand the solution to the wave equation around
and to find the roots of the equation Ψ(x = 0) = 0. First, one should substitute (10) into the wave equation (2) in order to obtain a recursion relation for a k [15] . Then, one has to truncate the sum (10) at some large k = N and check that for greater k the roots converge to some true root which is the sought QN frequency. The higher the overtone number, and the smaller the black hole size, the larger the number N at which the roots of the equation Ψ(x = 0) = 0 converge. Yet, since in the series (10) each next term depends on all the preceding terms through the recursion relations, when N is too large, the tiny numerical errors in the first terms, start growing as N ∼ 10 2 − 10 3 or greater. As a result the roots suffer a sharp change for a small change on any of the input parameters, displaying a "noisy" dependence. To avoid this we have to increase the precision of all the input data and the recursion relation we are dealing with from the standard 20-digital precision up to a precision such that further increasing of it will not influence the result for the QN frequency. For small black holes the roots start converging at very large N only, for instance, when r + = 1/20 we have to truncate the series at N ∼ 3 · 10 4 . Since for finding roots of (9) we have to resort to trial and error method, the above procedure consumes much time, but nevertheless allows to compute quasinormal modes of small AdS black holes [16] , and to find the higher overtones we are seeking.
Numerical Results
In this section we will present the numerical results obtained using the numerical procedure just outlined in the previous section. The results will be organized into three subsections: scalar, electromagnetic and gravitational perturbations. For each field, we shall also divide the results into three different regimes: large, intermediate and small black holes, since the results depend crucially with which regime one is dealing. Here a large black hole stands for a black hole with r + ≫ 1, an intermediate black hole is one with r + ∼ 1, and a small black hole has a horizon radius r + ≪ 1. We shall then try to unify these results. For each horizon radius r + and angular quantum number l there is an infinity of QN frequencies (or overtones). We shall order them according to the standard procedure, by increasing imaginary part. Accordingly, the fundamental QN frequency is defined as the one having the lowest imaginary part (in absolute value) and will be labeled with the integer n = 0. The first overtone has the second lowest imaginary part and is labeled with n = 1, and so on. The QN frequencies also have a real part, which display an increase along with the imaginary part. To the lowest value of the imaginary part corresponds the lowest value of the real part, to the second lowest value of the imaginary part corresponds the second lowest value of the real part, and so on. Thus n, the overtone number, is also a number that increases with the real part of the frequency (or energy) of the mode. This seems to be a characteristic of anti-de Sitter space only, due to the special boundary conditions associated with this spacetime. This, in a sense, is to be expected since the wave equation to be studied is a Schrödinger type equation, where for quantum non-dissipative bound systems, such as the hydrogen atom or a particle in an infinite well potential, the principal quantum number n (which here has been called the overtone number) appears due to the boundary conditions of the radial equation, and is related directly with the frequency of vibration of the orbital. The similarity is not full, though, since the boundary condition at the black hole is of a different kind. However, for pure AdS spacetimes, when there is no black hole and the boundary conditions are of infinite well type, the overtone number n is is indeed a principal quantum number (see Appendix A).
Scalar quasinormal frequencies
The fundamental scalar QN frequencies were first computed by Horowitz and Hubeny [15] for intermediate and large black holes. Konoplya [16] extended these calculations to the case of small black holes. Recently Berti and Kokkotas [18] rederived all these results. Here we do for the first time an extensive search for higher overtones of scalar perturbations. Some of the lowest lying modes we find are shown in Tables 1, 2 and 3 (i) Large black holes -As proven by Horowitz and Hubeny [15] in the large black hole regime the frequencies must scale as the horizon radius (this can also be proven easily and directly from the differential equation (2)). We show in Table 1 the results for a spherically symmetric mode (l = 0) for a black hole with r + = 100 which is therefore sufficient to infer the behaviour of all large black holes. The fundamental frequency agrees with previous results [15] . Perhaps the most interesting result in this large black hole regime is that asymptotically for high overtone number n the frequencies become evenly spaced and behave like, for l = 0,
Thus the spacing between frequencies is
Moreover, although the offset in (11) is l-dependent, this asymptotic behaviour for the spacing (12) holds for any value of l. In fact our search of the QN frequencies for higher values of l reveal that the results are very very similar to those in Table 1 .
(ii) Intermediate black holes -In Table 2 we show some of the lowest lying scalar QN frequencies for an intermediate black hole with r + = 1. For a black with this size, one finds again that the spacing does not depend on the angular number l for very high overtone number n. With an error of about 2% the limiting value for the frequency is,
For QN frequencies belonging to different l's the offset in (13) is different, but as far as we can tell numerically, not the asymptotic spacing implied by (13) .
(iii) Small black holes -Our search for the QN frequencies of small black holes, i.e, black holes with r + ≪ 1 revealed what was expected on physical grounds, and was uncovered numerically for the first time in [16] for the fundamental mode: for small black holes, the QN frequencies approach the frequencies of pure anti-de Sitter spacetime [22] (see also Appendix A). In fact we find
In Table 3 we show some results for a small black hole with r + = 0.2. We stress that the values presented in Table 3 for the asymptotic spacing between modes may have an error of about 2%. In fact it is extremely difficult to find very high overtones of small black holes, and so it is hard to give a precise extimate of the value they asymptote to.
In summary, we can say that the QN frequencies tend to be evenly spaced asymptotically as n gets very large, no matter if the black hole is large, intermediate or small. Moreover the spacing between consecutive modes is, as far as we can tell, independent of the angular quantum number l.
Electromagnetic quasinormal frequencies
The fundamental electromagnetic QN frequencies were computed for the first time by Cardoso and Lemos [17] . Recently Berti and Kokkotas [18] have redone the calculation showing excellent agreement. Here we extend the results to higher overtones. Some of the lowest lying electromagnetic frequencies are shown in Tables 4-8 .
(i) Large black holes -As found in [17] large black holes show a somewhat peculiar behaviour: some of the lowest lying modes have pure imaginary frequencies, and these are well described by an analytical formula [17] . A surprising aspect unveiled for the first time by the present search is that the number of such modes grows as the horizon radius becomes larger, as can be seen from Tables 4 and 5 . For example, for r + = 10 there are only two pure imaginary modes, whereas for r + = 100 there are four such modes (see Table 4 ) and for r + = 1000 (Table 5) there are eight pure imaginary modes. For larger r + the computation is very time consuming since we use a trial and error method for finding new modes. However not only is this a completely new piece of data, it also makes us think that infinitely large black holes may have pure imaginary electromagnetic QN frequencies for any overtone number.
Again, we find that for large black holes and l = 1, the frequencies are evenly spaced with ω em r + = (1.299 − 2.25i)n − 11.501 + 12i , (n , r + ) → ∞ .
And a spacing given by
For different values of the angular quantum number l, we find the same spacing (16) between consecutive modes, although the offset in (15) depends on l. So, asymptotically for large n and large horizon radius the spacing is the same as for the scalar case! This is surprising, specially since the behaviour of the scalar and electromagnetic potentials are radically different. It is even more surprising the fact that this asymptotic behaviour does not depend on l, as the electromagnetic potential is strongly l-dependent. Furthermore from the first electromagnetic overtones one could surely not anticipate this behaviour.
(ii) Intermediate black holes -In Table 6 we show some of the lowest lying electromagnetic QN frequencies for an intermediate black hole with r + = 1. For a black with this size, one finds again that the spacing does not depend on the angular number l for very high overtone number n. With an error of about 2% the limiting value for the frequency is, for l = 1, We note that here too the offset in (17) does depend on l, but not the asymptotic spacing.
(iii) Small black holes -For small black holes (see Tables 7 and 8 ) the spacing seems also to be equal as for the scalar case, but since it is very difficult to go very high in mode number n in this regime, the error associated in estimating the asymptotic behaviour is higher, and one cannot be completely sure. Again, the electromagnetic QN frequencies of very small black holes asymptote to the pure AdS electromagnetic modes (see Appendix A, where we sketch their computation). Indeed we find that
This can be clearly seen from Table 7 , where we show the fundamental mode for small black holes of decreasing radius. As the horizon radius gets smaller and smaller, the fundamental frequency approaches the value of 3, which is indeed the correct pure AdS mode for l = 1, n = 0, electromagnetic perturbations.
Gravitational quasinormal frequencies
The fundamental gravitational QN frequencies were computed for the first time by Cardoso and Lemos [17] . We remind that there are two sets of gravitational wave equations, the odd and even ones. Although it was found [17] that there is a family of the odd modes which is very slowly damped and pure imaginary, it was possible to prove that for high frequencies both odd and even perturbations must yield the same QN frequencies. We present the results for higher overtones of odd perturbations in Tables 9-12 , and even perturbations in Tables 13-16 .
Odd perturbations
(i) Large black holes -As discussed for the first time in [17] these exhibit a pure imaginary fundamental mode. For large black holes, this mode is slowly damped and scales as the inverse of the horizon radius. Our analysis for higher l's indicates that in the large black hole regime an excellent fit to this fundamental pure imaginary mode is
This generalizes a previous result by Berti and Kokkotas [18] for the l = 2 case. Accordingly, in the large black hole regime, asymptotically for high overtones one finds, for l = 2 for example,
This leads to the spacing
which, as our results indicate is again l-independent. Again, the offset in (20) depends on l.
(ii) Intermediate black holes -Results for the odd QN frequencies of an intermediate (r + = 1) black hole are shown in Table 10 .
With an error of about 5% the limiting value for the frequency is, for l = 2,
We note that here too the offset in (22) does depend on l, but not the asymtptoic spacing, with a numerical error of about 5%.
(iii) Small black holes -As the black hole gets smaller, the pure imaginary mode gets more damped: the imaginary part increases, as can be seen from Table 11 , where we show the two lowest QN frequencies for small black holes with decreasing radius. As mentioned by Berti and Kokkotas [18] the ordering of the modes here should be different. However, since one can clearly distinguish this pure imaginary mode as belonging to a special family, we shall continue to label it with n = 0. We have not been able to follow this mode for black holes with r + < 0.5, and so Table 11 does not show any pure imaginary modes for horizon radius smaller than 0.5. We note that, as for the scalar and electromagnetic cases, here too the modes are evenly spaced, with a spacing which seems to be independent of l no matter if the black hole is large or small. For very small black holes, the frequencies reduce to their pure anti-de Sitter values, computed in Appendix A, to wit ω odd = 2n + l + 2 , r + → 0 .
One can see this more clearly from Table 11 , where in fact for very small black holes the frequency rapidly approaches (23).
In conclusion, the higher overtones of odd perturbations follow a pattern very similar to the scalar case. We are now able to prove that for sufficiently high frequencies the scalar and gravitational perturbations are isospectral, a mystery that remained in [17] , This is done in section 4.1 below. Table 9 : QNMs corresponding to l = 2 odd gravitational perturbations of a large Schwarzschild-AdS BH (r + = 100). The fundamental QN frequency is pure imaginary and seems to be well described by the formula ω n=0 = (l−1)(l+2) 3r + valid only in the large black hole regime. In the large n limit one finds ω odd r + = (1.299 − 2.25i)n + 0.58 − 0.42i. The corresponding spacing between consecutive modes seems to be l-independent. 
Even perturbations
Let us now briefly discuss the even modes. As found previously [17] these modes behave very similar to the scalar ones. Yet, the even gravitational modes are stipulated by a more complicated potential, and we have to truncate the series in power of x − x + at larger N, which makes the whole procedure be more time consuming. That is why when considering small black holes (Table 16) , we were restricted only by first seven modes in that case. It is, however, sufficient to see that even gravitational quasinormal modes, similar to other kind of perturbations, tend to arrange into equidistant spectrum under the increasing of n. We show in Tables 13-16 the numerical results for the QN frequencies of even gravitational perturbations.
(i) Large black holes -Results for the QN frequencies of large black holes are shown in Table 13 . In this regime one finds for l=2 even perturbations ω even r + = (1.299 − 2.25i)n + 1.88 − 2.66i. , (n , r + ) → ∞ ,
leading to the spacing
which once more turns out to be l-independent! All the results concerning the spacing of frequencies for large black holes have a very good precision, since in this regime it is possible to go very far out in overtone number (typically n = 300 is enough to achieve a 0.1% accuracy for the spacing).
(ii) Intermediate black holes -In Table 14 we show some of the lowest lying even gravitational QN frequencies for an intermediate black hole with r + = 1. For a black with this size, one finds again that the spacing does not seem to depend on the angular number l for very high overtone number n. With an error of about 5% the limiting value for the frequency is, for l = 2,
We note that here too the offset in (17) does depend on l, but not the asymptotic spacing.
(iii) Small black holes -Our search for the QN frequencies of small black holes, i.e, black holes with r + ≪ 1 revealed again what was expected on physical grounds: for small black holes, the QN frequencies approach the frequencies of pure anti-de Sitter spacetime (see Appendix A). In fact we find
In Table 15 we show some the fundamental even QN frequencies for small black holes of decreasing radius, and one can clearly see how the fundamental frequency approaches the pure anti-de Sitter value given in Appendix A. In Table 16 we show the lowest lying QN frequencies for a small black hole (r + = 0.2). We stress that the values presented in Table 16 (as a matter of fact, all the Tables containing data for small black holes) for the asymptotic spacing between modes may have an error of about 2%. In fact it is extremely difficult to find very high overtones of small black holes, and so it is hard to give a precise extimate of the value they asymptote to.
4 Discussion of the results 4.1 Why are the scalar and gravitational perturbations isospectral in the large black hole regime?
In a previous paper (section IIIC in [17] ), we have showed why the odd and even gravitational perturbations yield the same QN frequencies for large frequencies. The whole approach was based on the fact that the odd and even gravitational potentials are superpartner potentials [21] , i.e., they are related to one another via
where
. For more details we refer the reader to [17] . We shall now see that a similar method can be applied to show that in the large black hole regime, scalar and gravitational perturbations are isospectral for large QN frequencies.
To begin with, we note that the potentials V 1 and V 2 defined by
and
, and a any constant, are superpartner potentials. The superpotential W is in this case is given byW
Thus, the two superpartner potentials V 1 and V 2 can be expressed in terms ofW as
Why are these two potentials of any interest? Because in the large r + limit, which we shall take to be r + ≫ a, we havef ∼ r 2 − 2M r
. Notice now that in this large r + limit the scalar potential (4) 
, since in this limit and with r + ≫ l, one has l(l+1) r 2 ≪ 2. Thus, V 1 reduces to the scalar potential and V 2 to the gravitational odd potential, provided we take a = l(l + 1). It then follows from the analysis in [17] (section IIIC) that for large frequencies these two potentials should yield the same frequencies.
Future Directions
The preceding sections have shown that the QNMs of Schwarzschild-anti-de Sitter black holes have a universal behaviour in the asymptotic regime of high overtones. This was verified explicitly and with great accuracy for the large black hole regime, where we showed numerically that the spacing does not depend on the perturbation in question and is equal to
We conjecture that the asymptotic behaviour is the same for all kinds of perturbations irrespectively of the black hole size, i.e., a fixed horizon radius r + Schwarzschild-anti-de Sitter black hole will have an asymptotic spacing between consecutive QN frequencies which is the same for scalar, electromagnetic and gravitational perturbations. The difficulty in extracting very high overtones for small black holes however, prevents us from having an irrefutable numerical proof of this. It would be extremely valuable to have some kind of analytical scheme for extracting the asymptotic behaviour, much as has been done for the asymptotically flat space by Motl and Neitzke [4] . However it looks quite difficult to make any analytical approximation in asymptotically anti-de Sitter spaces, although there have been some atempts at this recently (see for example Musiri and Siopsis [14] ). We also note that the spacing (34) was already found to be true by Berti and Kokkotas [18] for the gravitational and scalar case and for the lowest radiatable multipole, i.e, l = 2 and l = 0 gravitational and scalar perturbations respectively. We have concluded that, surprisingly, the spacing (34) also works for electromagnetic case and for any value of l. It was observed that, despite having such different potentials the scalar, the electromagnetic and gravitational QN frequencies have the same asymptotic behaviour. Can one formulate some very general conditions the potentials should obey in order to have the same asymptotic solutions? This is still an open question. There has been recently an exciting development trying to relate the asymptotic QN frequencies with the Barbero-Immirzi parameter [4, 5] . In fact it was observed, in the Schwarzschild case, that asymptotically for high overtones, the real part of the QN frequencies was a constant, l-independent , and was just the right constant to, using some (not very clear yet) correspondence between classical and quatum states, make Loop Quantum Gravity give the correct result for the black hole entropy. Of course it is only natural to ask whether such kind of numerical coincidence holds for other spacetimes.
We have seen that apparently we are facing, in anti-de Sitter space, a universal behavior, i.e., the asymptotic QN frequencies do not depend on the kind of perturbations, and also don't depend on l. However, and in contrast with asymptotically flat space, the real part of the asymptotic QN frequency is not a constant, but rather increases linearly with the mode number n. This is no reason to throw off the initial motivation of seeking some kind of relation between Loop Quantum Gravity and QNMs, after all, there are no predictions for anti-de Sitter space.
Finally we point out that the asymptotic behaviour studied here for the SchwarzschildAdS black hole will hold also for other black holes in asymptotically anti-de Sitter space. One example of these is the black hole with non-trivial topology [19] . The general line element for this spacetime is [19] :
where M is the ADM mass of the black hole, and R is the AdS radius. There is a horizon at r + = (4M) 1/3 R. The range of the coordinates z and φ dictates the topology of the black hole spacetime. For a black hole with toroidal topology, a toroidal black hole, the coordinate z is compactified such that z/R ranges from 0 to 2π, and φ ranges from 0 to 2π as well. For the cylindrical black hole, or black string, the coordinate z has range −∞ < z < ∞, and 0 ≤ φ < 2π. For the planar black hole, or black membrane, the coordinate φ is further decompactified −∞ < R φ < ∞ [19] . The fundamental QN frequencies for these black holes were computed in [20] , where it was verified that they follow the same pattern as for Schwarzschild-AdS black holes. Indeed one easily sees that in the large black hole regime they both should yield the same results as the potentials are equal in this regime (compare the potentials in [20] with the ones in the present work). In particular the asymptotic behaviour will be the same.
Conclusion
We have done an extensive search for higher overtones n of the quasinormal modes of Schwarzschild-AdS BH corresponding to scalar, electromagnetic, and gravitational perturbations. We have shown that: (i) No matter what the size of the black hole is, the QN frequencies are evenly spaced, both in the real and in the imaginary component, for high overtone number n; (ii) The spacing between consecutive modes is independent of the perturbation. This means that scalar, electromagnetic and gravitational perturbations all have, asymptotically, the same spacing between modes. This is one of the major findings in this work, together with the fact that this spacing seems to be also independent of the angular quantum number l; (iii) We were able to prove that the scalar and gravitational QN frequencies must asymptotically be the same; (iv) The electromagnetic QN frequencies of large black holes have a number of first overtones with pure imaginary parts, and the higher the black hole radius r + , the higher the number of these first pure damped, non-oscillating modes; (v) Finally, we have computed analytically the electromagnetic and gravitational pure AdS modes, and we have shown numerically that the QN frequencies of very small black holes asymptote to these pure AdS modes;
A Pure AdS Normal Modes for Electromagnetic and Gravitational Perturbations
In this appendix we shall briefly outline how to compute the pure modes of anti-de Sitter space (no black hole, M = 0) for electromagnetic and gravitational perturbations. The scalar case was dealt with by Burgess and Lutken [22] . In pure AdS space the electromagnetic and gravitational potentials (both odd and even) are
as can be seen by substituting M = 0 in (5-7). Also in this case the relation r(r * ) takes the simple form r = R tan r * R ,
and therefore the potential (37) takes a simple form in the r * coordinate, namely
To proceed, we note that the change of variable x = sin r * R 2 leads the wave equation to a hypergeometric equation, 
To put this in a more standard form, one changes wavefunction by defining
and one gets the following standard hypergeometric differential equation for Z:
with σ defined in (42) and
By requiring well behaved fields everywhere a simple analysis [23] then shows that the following constraint needs to be satisfied,
These are the pure AdS frequencies for electromagnetic and gravitational perturbations, corresponding to pure AdS normal modes of the corresponding fields. One can compare the frequencies in (48) with the scalar frequencies corresponding to pure AdS modes [22] ω s R = 2n + l + 3 .
